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ORDINARY INTEGRALS (1)

DEFINITION

Ilf) = [, f(t)dt =limy o0 In[f]

In[f] =0 ftn)en
EN — T/N tn = nNen

BAD FOR BRUTE FORCE NUMERICAL
CALCULATIONS

In[f] =1[f] + O(1/N)
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ORDINARY INTEGRALS (2)

TO ANALYTICALLY SOLVE EVEN THE SIMPLEST
INTEGRALS YOU NEEDED T0O.

FIND USEFUL DISCRETIZATION
DO GENERAL N-FOLD SuUM

DO THE CONTINUUM LIMIT

EULER’S SUMMATION FORMULA

SPEEDS UP CONVERGENCE TO THE CONTINUUM LIMIT
AS FAST AS YOU WANT

WASN’T OF MUCH USE NUMERICALLY — NO
COMPUTERS IN THE 18™ CENTURY

POINTED TO AN UNDERLYING SIMPLICITY —
PRECURSOR TO INTEGRATION THEORY

RIEMMANN’S INTEGRATION THEORY
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EULER’S FORMULA (1)

DISCRETIZATION IS NOT UNIQUE.
INsTEAD OF f(f) WE CONSTRUCT AN
EQUIVALENT FUNCTION f*(t;en) :

f*(t;eny) — f(t) OUN CONTINUUM LIMIT)

SUCH THAT

Inlf*] = I|f] (FOR ALL N)
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EULER’S FORMULA (2)

THUS !f* —_ j? DEPENDS ONLY ON (f) f; . e .
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EULER’S FORMULA (3)

STEP 3: f(t) = t?

21 N 2 T3 T3 T3
IN[t*] =) —ithen = F + ox + a2

_ T3
IN_t2—€Ntn— %6%\7] — 3
. en i 26?\7 .
THUS f _f_T — T3 f‘|‘

ETC.
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EULER’S FORMULA (4)

THEREFORE
Jy F@)dt = S0 f(tn)en—
—e S0 flta)ew — 25 00, Flta)ew + -

WE DENOTE THE FIRST P TERMS OF [*
BY f(P) . THEN

I[f] = In[fP] + O(1/N?)
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PATH INTEGRALS (1)

AMPLITUDES ARE THE N — 00 LIMIT OF
N

An(a,b;T) = (52 ) 7 [dgr - dgy e

ACTION S = fo dt (3 ¢*+V(q))

NAIVE DISCRETIZED ACTION

577, = dn+1 — 4n Vn — V(@n) dn — %(Qn—l—l + Qn)
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PATH INTEGRALS (2)

CONSTRUCT EQUIVALENT DISCRETIZED
EFFECTIVE ACTION

« _ ~=N-1/[ 62 «
v =00 (o +en )

SUCH THAT

Ay (a,b;T) = A(a,b;T)

WE FIRST DERIVE SOME GENERAL
PROPERTIES OoF W7
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PATH INTEGRALS (3)

ALL AMPLITUDES MAY BE WRITTEN AS

1
2 52
A(Qn+17 dn GN) — (zﬂleN) eXPp (— 26}) A(Qn+1a dn ; GN)

WHERE A —1 As ey — 0.

LINEARITY OF QUANTUM STATES GIVES
A(CL, b7 T) — f dgl T dgn—lA(ba Qn—1; 6N) Co A(Qla a, 6N)

FROM THIS WE FIND

exp (—enW*) = A(Gni1,Gn; €N)
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PATH INTEGRALS (4)

ALTHOUGH W 1S REMINISCENT OF AN
EFFECTIVE POTENTIAL IT DOES NOT

ONLY DEPEND ON @, BUT ON § AND €N
W =W=*(6n,qn; €N)

REALITY OF (EUCLIDEAN) AMPLITUDES
GIVES

Aa,b;T) = A(a,b;T)T =
= (ble~"H|a)t = (ale"TH|b) = A(b,a; T)
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PATH INTEGRALS (5)

THIS IMPLIES
W*(dn,a@rmeN) — W*(_5n7q_n7€N)
OR, SAID ANOTHER WAY

W*(5n7@n3 EN) —
= 90(Gn; €N) + 02 91(Gn; en) + 0t g2(Gnsen) + -

ALL THE (¢ ARE REGULAR IN THE
CONTINUUM LIMIT; ALSO

go (Cj’rm eN) — V(Qn)
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COMPARE DISCRETIZATIONS (1)

AQ AQ 4 Q AQn, AQu

QZN:b

| |
= 0 t, t, L, e L Lns L=

DISCRETIZATION WITH 2N TIME STEPS
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COMPARE DISCRETIZATIONS (2)

A Q; A Qs

| |
1:o: 0 tz °ee t2N-2 tZN:
COARSER DISCRETIZATION WITH N TIME STEPS
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COMPARE DISCRETIZATIONS (3)

INTEGRATING OUT EVERY OTHER POINT

N

SN — 2 2 —SanN

e — (WGN) fdxl dxn e
THE 2N-FOLD DISCRETIZED
COORDINATES (Jg,)1,...,02ny ARE GIVEN
IN TERMS OF N-FOLD COORDINATES

do,41,---,dN AND THE INTERMEDIATE

POINTS Z1,%2,...,ZN ACCORDING TO
Qo = g AND Qon_1 = T
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COMPARE DISCRETIZATIONS (4)

N-FOLD AMPLITUDES CALCULATED WITH
g GIVE THE SAME ANSWER AS

N-FOLD AMPLITUDES CALCULATED
WITH S. IF ONLY WE COULD ACTUALLY
DO THE INTEGRALS!

BIGGEST PROBLEM: EVEN IF WE COULD
INTEGRATE THEM ONCE WE COULDN’T
ITERATE THIS PROCEDURE SINCE g
AND S DO NOT HAVE THE SAME
FUNCTIONAL FORM.

SOLUTION: USE S* (ON BOTH SIDES).
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COMPARE DISCRETIZATIONS (5)

GET INTEGRAL EQUATION

eXp [_GNW* (5n7 QnQ 6N)] —

Z(WGN) [ dyexp( yQ)F(ciner;%N)

WHERE

2 n n
2 b en) =0T ) (T )

EN
a1 —2)° gl(i"‘li N)+(x—qn)2gl(%qﬂ;eN)+...

WORKS FOR FREE PARTICLE AND HARMONIC
OSCILLATOR. IN GENERAL ASYMPTOTICALLY
EXPAND - SIMPLER THAN LOOP EXPANSION.
SMALL PARAMETER IS NOW EN
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COMPARE DISCRETIZATIONS (6)

FIND

90(Gnsen) + 02 g1(Gnsen) + 02 go(Gsen) + ... =

rm) Cjn§eN m
— —iln Z;O:o (27(77,)!! 2 (eiv)

ALL THAT REMAINS IS THE TEDIOUS TASK OF
CALCULATING ALL THE DERIVATIVES AND
EXPANDING ALL THE (Jr AROUND THE MID
POINT gn (EASILY DONE WITH A PROGRAM
LIKE MATHEMATICA). WE HAVE DONE THIS TO

LEVEL p=9, 1.e. To O(1/NP)
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COMPARE DISCRETIZATIONS (7)

FOR EXAMPLE, TO LEVEL p:3 WE GET
90(Tn i €n) = 9o (@n; L) + en [301 (Gn; L) + 2590 (Tn; )] +

+ey [1%92 (@ %) = 35962 (@0 %) + saas 90 (@3 %) + 13597 (Gns G—N)}

91(Gn s €n) = 591 (Tn; F-) + 3590 (Tns D) +
ten |20 (G0 ) + 105398 (@05 %7) — ot (@05 %))

92(Gn s en) = 1592 (35 %) + oo (105 %) + 19 (303 %)

THE SYSTEM WAS DERIVED AS AN EXPANSION

IN POWERS OF €)y . EXPANDING ALL THE [0)%
APPROPRIATELY WE EASILY FIND THE

SOLUTION AT THE APPROPRIATE LEVEL D.
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COMPARE DISCRETIZATIONS (7)

THE LEVEL p=3 soLuTION FOR S* s

o v/ 9 _V/Q V(4)
go=V +en3 "‘EN[ 51 T 940

. v V(4)
91 = 57 t €N 435
_v®
92 = 1920

SIMILARLY FOR HIGHER LEVELS pP. NOTE THAT
THE LEVEL P SOLUTION SATISFIES

Ala,b;T) = AP (a,b;T) + O(1/N?)

THIS IS THE EULER SUM FORMULA FOR PATH
INTEGRALS.
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NUMERICAL RESULTS (1)

0.21 -

0.2

0.19

0.18

0.17

0.16

1 10 100

ANHARMONIC OSCILLATOR WITH QUARTIC COUPLING

g=1,T=1,a=0,b=1, Ny = 107
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NUMERICAL RESULTS (2)

0.21 -

0.2

0.19

0.18

0.17

0.16

1 10 100

MODIFIED POESCHL-TELLER POTENTIAL

a=058=15T=1,a=0,b=1, Nyc =9.2-107
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NUMERICAL RESULTS (3)

0.1

0.01

0.001

0.0001

1e-05

1e-06

1le-07

1e-08 -

T T ©T ©
i1 11l

oA NP
o N < -
@

1le-09 -

1 10

ERRORS FOR ANHARMONIC OSCILLATOR WITH QUARTIC COUPLING

g=1,T=1,a=0,b=1, Nyo =9.2-10° (p = 1,2),
Nae = 9.2-1019 (p = 4), Nyo = 3.68 - 101 (p = 6)
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NUMERICAL RESULTS (4)

1 2 3 4 5 6 7 8 9
RELATIVE INCREASE IN COMPUTING TIME AS A FUNCTION OF )
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DiscussIioN (1)

THE GENERAL PATH INTEGRAL CALCULATION
IS NOW SPEEDED UP BY MANY ORDERS OF
MAGNITUDE.

THE SAME PROCEDURE WORKS IN EUCLIDEAN
AND MINKOWSKI FORMALISM (WITH
APPROPRIATE 3¢ PRESCRIPTION).

THE PROCEDURE HAS BEEN CHECKED ON
SEVERAL DIFFERENT MODELS ACROSS A WIDE
RANGE OF PARAMETERS (IN PERTURBATIVE
AND NON-PERTURBATIVE REGIMES, ACROSS
CRITICAL POINTS, ETC.)
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DiscussIoN (2)

EXTENSIONS TO MANY NON-RELATIVISTIC
PARTICLES IN d DIMENSIONS AS WELL AS TO
FIELD THEORIES IN 0>]1 ARE IN PROGRESS.

HIGHER DIMENSIONAL ANALOGUES OF THE
INTEGRAL EQUATION ARE NOT A PROBLEM TO
DERIVE. THE ASYMPTOTIC EXPANSION
PROCEDURE ALSO WORKS IN ALL d. THE
ALGEBRAIC RECURSIVE RELATIONS WILL BE
MORE COMPLEX AND THIS COULD
PRACTICALLY LIMIT US TO SMALLER VALUES
OoF p.
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HIGHLIGHTS

THIS IS AN ANALYTIC PROCEDURE THAT WORKS FOR A
GENERIC MODEL.

THE DIRECT OUTCOME OF THE PROCEDURE IS A
SUBSTANTIAL SPEEDUP OF NUMERICAL CALCULATIONS
OF PATH INTEGRAL (MILLION FOLD OR BETTER).

IT NOW BECOMES POSSIBLE TO TACKLE COMPLEX
MODELS THAT COULD NOT BE SOLVED PREVIOUSLY.

AN IMPORTANT OUTCOME (NOT DISCUSSED IN THIS
PRESENTATION) ARE NEW ANALYTICAL APPROXIMATION
TECHNIQUES FOR PATH INTEGRALS.

THE TRUE OUTCOME OF THE WORK IS HEURISTIC — I.E.
IT LEADS TO AN INCREASE OF KNOWLEDGE ABOUT
PATH INTEGRATION IN GENERAL. IT RAISES THE HOPE
THAT, AS WITH ORDINARY INTEGRALS, THE DERIVATION
OF EULER’S SUM FORMULA WILL BE A PRECURSOR TO
THE SETTING UP OF A GENERAL THEORY OF PATH
INTEGRATION.
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