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1.Introduction

•ToeachsimpleLiealgebragonecanrelatebothconformaland

affineversionsofaTFTin1+1dimensions[Mikhailov,

Olshanetskii,Perelomov;Olive,Turok].

•ItallowsLaxrepresentation[Flaschka]:

[L,M]=0

whereLandMarefirstorderordinarydifferentialoperators

whosepotentialstakevaluesing:

Lψ≡
(
i
d

dx−iqx(x,t)−λJ0

)
ψ(x,t,λ)=0,

Mψ≡
(
i
d

dt−
1

λ
I(x,t)

)
ψ(x,t,λ)=0.



•Hereq(x,t)∈histheCartansubalgebraofg,

~q(x,t)=(q1,...,qr)isitsdualr-componentvector,r=rankg,

and

J0=
∑

α∈π

Eα,I(x,t)=
∑

α∈π

e−(α,~q)
E−α.
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•Hereq(x,t)∈histheCartansubalgebraofg,

~q(x,t)=(q1,...,qr)isitsdualr-componentvector,r=rankg,

and

J0=
∑

α∈π

Eα,I(x,t)=
∑

α∈π

e−(α,~q)
E−α.

Iifπisthesetofsimplerootsπ={α1,...,αr}ofgthenweget

theconformalTFT;

Iifπisthesetofadmissibleroots,i.e.π={α0,α1,...,αr}
whereα0istheminimalrootofgthenthecorrespondingTFTis

theaffineone.

•TheequationsofmotionfortheAffineTodafieldtheoriesare

∂
2
~q

∂x∂t
=

r∑

j=0

njαje−(αj,~q)

wherenjaretheminimalpositiveintegerss.t.
∑r

j=0njαj=0.



•TheLaxrepresentationsoftheATFTmodelsdiscussedinthe
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•TheLaxrepresentationsoftheATFTmodelsdiscussedinthe

literature[Mikhailov,Olshanetskii,Perelomov;Olive,Turok;

Khasgir,Sasaki;Evans,Madsen]arerelatedmostlytothe

normalrealformoftheLiealgebrag.

•AIMS:

1)togeneralizetheATFTtocomplex-valuedfields;

2)todescribethefamilyofRHFoftheseATFTmodels;

3)toconstructnewinequivalentRHF’softheATFT’s

generalizingtheresultsof[Gerdjikov,Kyuldjiev,Marmo,Vilasi]

to1+1-dimensionalsystems.
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2.Thereductiongroup

•TheoperatorsLandMareinvariantwithrespecttothe

reductiongroupGR'Dh[Mikhailov]wherehistheCoxeter

numberofg.

•Thisreductiongroupisgeneratedbytwoelementssatisfying

g
2
1=g

2
2=(g1g2)

h
=11

whichallowrealizationsbothaselementsinAutgandinConfC.

•Theinvarianceconditionhastheform:

Ck(U(x,t,κk(λ)))=U(x,t,λ),

Ck(V(x,t,κk(λ)))=V(x,t,λ),



where

U(x,t,λ)=−iqx(x,t)−λJ0V(x,t,λ)=−
1

λ
I(x,t).

HereCkareautomorphismsoffiniteorderofg,i.e.

C
h
1=C

2
2=(C1C2)

2
=11whileκk(λ)areconformalmappingsof

thecomplexλ-plane.



where

U(x,t,λ)=−iqx(x,t)−λJ0V(x,t,λ)=−
1

λ
I(x,t).

HereCkareautomorphismsoffiniteorderofg,i.e.

C
h
1=C

2
2=(C1C2)

2
=11whileκk(λ)areconformalmappingsof

thecomplexλ-plane.

�Thesealgebraicconstraintareautomaticallycompatiblewith

theevolution.



3.Realformsofsemi-simpleLiealgebras



3.Realformsofsemi-simpleLiealgebras

•CommutationrelationsfortheCartan–Weylbasis

[hk,Eα]=(α,ek)Eα,[Eα,E−α]=Hα,

[Eα,Eβ]=




Nα,βEα+βforα+β∈∆
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•CommutationrelationsfortheCartan–Weylbasis

[hk,Eα]=(α,ek)Eα,[Eα,E−α]=Hα,

[Eα,Eβ]=




Nα,βEα+βforα+β∈∆

0forα+β6∈∆∪{0}.

E−α=E
T
α,〈E−α,Eα〉=

2

(α,α)
,

•Realforms:X∈g
R

ifX∈gand(seee.g.[Helgasson]):

σ(θ(X))≡θ(σ(X))=X,θ(X)=−X†

whereσisaninvolutiveCartanautomorphism:σ
2

=11.
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ITherelatedZ2-reductionactsinadditiononthecomplex

spectralparameterλviacomplexconjugation:κ(λ)=λ∗.

IThecompactrealformg̃
R

ofgisobtainedwithσ=11.

IForthenon-compactcasestheCartaninvolutionsplitsthe

rootsofgintocompactandnon-compactonesasfollows:

1)Ifσ(Eα)=Eα,whereEαistheWeylgeneratorfortherootα,

wesaythatαisacompactroot.

IThenon-compactrootsareoftwotypesdependingonthe

orbit-sizeofσ:

2)Ifσ(Eα)=−Eα,theorbitofσconsistofonlyoneelement;

3)Ifσ(Eα)=εE−β,α6=β>0andε=±1then{α,β}isa

two-elementorbitofσ.
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•TheCaudrey–Beals–Coifmansystems
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dm

dx
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wherem(x,t,λ)=ψ(x,t,λ)e
iJ0xλ
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•TheCaudrey–Beals–Coifmansystems

L̃m≡i
dm

dx
+iqxm(x,t,λ)−λ[J0,m(x,t,λ)]=0,

wherem(x,t,λ)=ψ(x,t,λ)e
iJ0xλ

.Combiningtheideasof

[Gerdjikov,Yanovski]withthesymmetriesofthepotentialof

L(λ)onecanconstructasetof2hfundamentalanalyticsolutions

(FAS)mν(x,t,λ)ofthelasteqn.andprovethat:

IthecontinuousspectrumΣofLfillsup2hrayslνpassing

throughtheorigin:

λ∈lν:argλ=(ν−1)π/h;

Imν(x,t,λ)isanalyticwithrespecttoλinthesector

Ων:(ν−1)π/h≤argλ≤νπ/h

satisfyinglimλ→∞mν(x,t,λ)=11;
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h
ν=1gν=g.Thesymmetryensurethat
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Itoeachlνonerelatesasubalgebragν⊂gsuchthatgν∩gµ=∅
forν6=µmod(h)and∪

h
ν=1gν=g.Thesymmetryensurethat

eachofthesubalgebrasgνisadirectsumofsl(2)-subalgebras;

IonΣtheFASmν(x,t,λ)satisfy

mν(x,t,λ)=mν−1(x,t,λ)Gν(x,t,λ),

λ∈lν,

Gν(x,t,λ)=e−i(λJ0x+f(λ))t
G0,ν(λ)e

i(λJ0x+f(λ))t
∈Gν,

whereGνisthesubgroupwithLiealgebragνandf(λ)is

determinedbythedispersionlawoftheNLEE:

f(λ)=
∑r

k=0E−αk/λ;

ItheFASsatisfy:

C̃1(mν(x,t,ωλ))=mν−2(x,t,λ),λ∈lν−2,



whereC̃1isequivalenttotheCoxeterautomorphism:

C̃1(X)≡C−1
1XC1,

C1=exp(
2πi

h
Hρ),ρ=

1

2

∑

α>0

α;

obviouslyC
h
1=11andC̃1(J0)=ω−1

J0;



whereC̃1isequivalenttotheCoxeterautomorphism:

C̃1(X)≡C−1
1XC1,

C1=exp(
2πi

h
Hρ),ρ=

1

2

∑

α>0

α;

obviouslyC
h
1=11andC̃1(J0)=ω−1

J0;

ItheFASmν(x,t,λ)satisfyoneofthefollowingtwoinvolutions:

C̃2(mν(x,t,λ∗))†=C2(m−1
2h−ν+2(x,t,λ)),

(mν(x,t,−λ∗))∗=mh−ν+2(x,t,λ).

whereC2,C
2
2=11isconvenientlychosenWeylgroupelement.



ITheserelationsleadtothefollowingconstraintsforthesewing

functionsG0,ν(λ)andtheminimalsetofscatteringdata:

C̃1(G0,ν(ωλ))=G0,ν−2(λ),

C̃2(G†
0,ν(λ∗))=G−1

0,2h−ν+2(λ),

G∗
0,ν(−λ∗)=G0,h−ν+2(λ).
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ITheserelationsleadtothefollowingconstraintsforthesewing

functionsG0,ν(λ)andtheminimalsetofscatteringdata:

C̃1(G0,ν(ωλ))=G0,ν−2(λ),

C̃2(G†
0,ν(λ∗))=G−1

0,2h−ν+2(λ),

G∗
0,ν(−λ∗)=G0,h−ν+2(λ).

IIfLhasnodiscreteeigenvaluesthentheminimalsetof

scatteringdataisprovidedbythecoefficientsofG0,1(λ),λ∈l1

andG0,2(λ),λ∈l2.

NAllothersewingfunctionsG0,ν(λ)canbedeterminedfrom

them.
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5.TherealHamiltonianformsofATFT

•TheATFTcanbewrittendownasaninfinite-dimensional

Hamiltoniansystemasfollows:

dqk
dt

={qk,H},
dpk

dt
={pk,H},

HATFT=

∫∞

−∞
dx

(
1

2
(~p(x,t),~p(x,t))+

r∑

k=0

nke−(~q(x,t),αk)

)
,

where~p=d~q/dxand~qarethecanonicalmomentaand

coordinatessatisfyingcanonicalPoissonbrackets:

{qk(x,t),pj(y,t)}=δjkδ(x−y).



•NextweintroduceaninvolutionCactingonthephasespace

M≡{qk(x),pk(x)}
n
k=1andsatisfying:

1)C(F(pk,qk))=F(C(pk),C(qk)),
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3)C(H(pk,qk))=H(pk,qk).
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•NextweintroduceaninvolutionCactingonthephasespace

M≡{qk(x),pk(x)}
n
k=1andsatisfying:

1)C(F(pk,qk))=F(C(pk),C(qk)),

2)C({F(pk,qk),G(pk,qk)})={C(F),C(G)},
3)C(H(pk,qk))=H(pk,qk).

ITheHamiltonianH(pk,qk)mustbeananalyticfunctionalof

thefieldsqk(x,t)andpk(x,t).

•ThecomplexATFT(CATFT)canbewrittendownasstandard

Hamiltoniansystemwithtwiceasmanyfields~qa(x,t),~pa(x,t),

a=0,1(inwhatfollowswewillskipthexandtdependence):

~p
C
(x,t)=~p

0
(x,t)+i~p

1
(x,t),~q

C
(x,t)=~q

0
(x,t)+i~q

1
(x,t),

{q
0
k(x,t),p

0
j(y,t)}=−{q

1
k(x,t),p

1
j(y,t)}=δkjδ(x−y).



•ThedensitiesofthecorrespondingHamiltonianandsymplectic

formequal

H
C

ATFT(x,t)≡ReHATFT(~p
0

+i~p
1
,~q

0
+i~q

1
)

=
1

2
(~p

0
,~p

0
)−

1

2
(~p

1
,~p

1
)

+

r∑

k=0

nke−(~q
0
,αk)

cos((~q
1
,αk)),

ω
C
(x,t)=(d~p

0
∧id~q

0
−d~p

1
∧d~q

1
).
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formequal
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0
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(~p

1
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+
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cos((~q
1
,αk)),

ω
C
(x,t)=(d~p

0
∧id~q
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1
).

•ThefamilyofRHFthenareobtainedfromtheCATFTby

imposinganinvarianceconditionwithrespecttotheinvolution

C̃≡C◦∗whereby∗wedenotethecomplexconjugation.

ITheinvolutionCsplitstheinitialrealphasespaceMintoa

directsum

M≡M0⊕M1



definedby:

C(X)=X,foranyX∈M0and

C(Y)=−Y,foranyY∈M1.



definedby:

C(X)=X,foranyX∈M0and

C(Y)=−Y,foranyY∈M1.

ITheinvolutionC̃splitsthecomplexifiedphasespace

M
C

=M⊕iMintoadirectsum

M
C
≡M

C
+⊕M

C
−,

where

M
C

+=M0⊕iM1,M
C

−=iM0⊕M1,



definedby:

C(X)=X,foranyX∈M0and

C(Y)=−Y,foranyY∈M1.

ITheinvolutionC̃splitsthecomplexifiedphasespace

M
C

=M⊕iMintoadirectsum

M
C
≡M

C
+⊕M

C
−,

where

M
C

+=M0⊕iM1,M
C

−=iM0⊕M1,

IThenthephasespaceoftheRHFis

MR≡M
C
+.



definedby:

C(X)=X,foranyX∈M0and

C(Y)=−Y,foranyY∈M1.

ITheinvolutionC̃splitsthecomplexifiedphasespace

M
C

=M⊕iMintoadirectsum

M
C
≡M

C
+⊕M

C
−,

where

M
C

+=M0⊕iM1,M
C

−=iM0⊕M1,

IThenthephasespaceoftheRHFis

MR≡M
C
+.

•TheautomorphismCisdualtoanautomorphismC
#

ofthe

correspondingLaxpairandtheLiealgebrag.Infact

C̃
#

=−C
#

(X†)isaCartaninvolutionofgandthereforetheLax

pairoftheRHFisrelatedtoarealformgRofg.
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IThustoeachinvolutionCsatisfying1)-3)onecanrelatea

RHFoftheATFT.Duetothecondition3)Cmustpreservethe

systemofadmissiblerootsofg;

IsuchinvolutionscanbeconstructedfromtheZ2-symmetriesof

theextendedDynkindiagramsofg[Khasgir,Sasaki].
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•Wechooseg'A2r+1andfixuptheinvolutionCby:

C(qk)=−q2r+2−k,C(pk)=−p2r+2−k,

k=1,...,r,

C(qr+1)=−qr+1,C(pr+1)=−pr+1.



6.Example

•Wechooseg'A2r+1andfixuptheinvolutionCby:

C(qk)=−q2r+2−k,C(pk)=−p2r+2−k,

k=1,...,r,

C(qr+1)=−qr+1,C(pr+1)=−pr+1.

IThecoordinatesinM±aregivenby:

q±
k=

1
√

2
(qk∓q2r+2−k),

p±
k=

1
√

2
(pk∓p2r+2−k),

q−
r+1=qr+1,p−

r+1=pr+1,

wherek=1,...,r,i.e.,dimM+=2randdimM−=2r+2.



IThenthedensitiesH
R

ATFT,ω
R

ATFTfortheRHFofAFTFequal:

H
R

ATFT(x,t)=
1

2

r∑

k=1

p
+
k

2
−

1

2

r+1 ∑

k=1

p−
k

2

+2e−q
+

r−1/
√

2
cos

(
q−
r−1
√

2
−q−

r+1

)

+

r−1 ∑

k=1

2e
(q

+

k+1−q
+

k)/
√

2
cos

(
q−
k+1−q−

k
√

2

)

+2e
q
+

1/
√

2
cos

(
q−
1

√
2
−q−

r+1

)

ω
R

ATFT(x,t)=

r∑

k=1

dp
+
k∧dq

+
k−

r+1 ∑

k=1

dp−
k∧dq−k

where~p±
k(x,t)=d~q±

k/dx.
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◦
α1

◦
α2

◦···
αr−1

◦
αr

◦
◦α2r+1◦α2r◦α2r−1···◦αr+2◦αr+1

⇓

◦〈β0◦β1◦β2···◦βr−1〉◦βr

IThisisageneralizationoftheresultsof[Khasgir,Sasaki]for

thereducedATFTrelatedtotheKac-MoodyalgebraD
(2)
r+1;the

latterareobtainedifweputq−
r+1=0andp−

r+1=0.

INotetheadditionaltrigonometricintheHamiltonianin

additiontothestandardexponentialones.
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•Themethodpresentedhereprovidesatoolforthesystematic

constructionandclassificationoftheRHFforanyHamiltonian

system,notnecessarilyintegrable.

IItcanbeprovedthattheRHFofanintegrablesystemisagain

integrable.

IImposingthereductionconditionsontheseparametersone

canobtainthesolitonsolutionsoftheRHFoftheATFT.

IOntheexamplefortheTodachainwefoundthatgoingfrom

oneRHFtoanothermaychangequalitativelythedynamicsof

thesystem.Partoftheformerlynon-compacttrajectoriesmay

becomecompactandvice-versa.
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Zn-nonlinearSchrödingerequation.



•Someopenproblems:

ItostudyalltypesofsolitonsolutionsthattheRHFofATFT

possesses.

ItoclassifyallRHFofATFTusingtheZ2-symmetriesofthe

extendedDynkindiagramsandtherelevantreductionsofthe

ATFT.

IToapplythismethodtootherintegrablemodels,ase.g.the

Zn-nonlinearSchrödingerequation.

ITostudytheasymptoticaldynamicalregimesoftheRHFof

ATFT.



Thankyou!


