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Deformed (noncommutative) space

Commutative space generated by coordinates z#,
pw=1,...n with

[zt z"] = 0.

Noncommutative space A, generated by 2# coordinates,
1 =1,...n such that:

B4, 3] = OM(3). (1)

It is the associative free algebra generated by 2# and divided
by ideal generated by relations (1).

In other words, it consists of all polynomials of z# and if
one polynomial can be transformed to another one using (1)
they are considered equal.

j\31£2 _ [

_|_
= 0'%(3) + &
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H>

Three forms of ©#¥ () of special interest

izt "] = 0", MY = —0"F = const., (2)

2+, 27] = iCk"2*,  CO% Lie algebra struct. const., (3)
1

he” = —RM 2”2 R matrix of quantum group. (4)

q
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0-deformed space

B4, 5V = i0n, (5)

gt = —"* = const. and 6"Y € R.

Derivatives

A

Map & such that d: Ay — A; (6)

defined on coordinates

[E%i“] = 04 + additional terms (7)

it has to be consistent with (5) relations

5p<[:?;“,§:”] ~ W’/) — 0. (8)
Solution A
[apa i/i] — 55 (9)
Also, -
[apa 80'] =0 (10)

ép (fg) — (épf)g + J?(épg) (11)
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Hopf algebra of derivatives

algebraic relations

[0, 05] = 0, (12)
comultiplication
Ad, = 9, 01+1®0,, (13)

(A®id)oA = (d® A)o A and [Ad,,Ad,] =0,
counit and antipode

5(ép) =0, S(ép) = —0p. (14)
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*-product approach

|dea: express everything in terms of commutative variables,
but keep track of deformation

Using Poincaré-Birkhoff-Witt (PBW) theorem

f(@) - () (15)
and ) )
f(@)a(@) = f - 3(@) = fxg(a) (16)
where
fra@) =" f@gly)| . (17)
or
fxg(x) = 3 (%) n%@'olal ... ermen (8,)1 . 8pnf(33)>

(5‘01 .. 8gng(a:)> (18)

is Moyal-Weyl x-product
-associative but noncommutative
-under complex conjugation

frg=gxTf (19)
Special example [Z#, Y] — [zt ¥ x¥] = O .
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*-product representation of derivatives

f-9(@) = frg()
0.f (%) = 95 f(x)
~—

?
How to do it:
f@) — flx)
0 Lo (20)
(0f) (&) > (8f)(2)
For derivatives defined by (12)
(051)(x) = 0, f(x) (21)

and

05 (f*9(@) = (85£()) *g(@) + f(2) % (89(x)). (22)

With (18), (21) and (22) one has enough ingredients to be
able to start doing some physics.
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Deformed Lorentz transformations

classical Lorentz transformations z# — z'# = z* + W z",
wHt” = —w"* = const.

scalar field ¢(z) — ¢'(2') = ¢(x),
b5p(2) = ¢'(x) — ¢la) = —w e Oxp(z).  (23)
Algebra of transformations

(60,05 = 66L (24)

W) rw

eibniz rule

32 (61(2)92()) = (041(x) ) g2() + d1(a) (3l (x) )
= —w,2"05(¢1(2)¢2(a) ). (25)

|dea: deform transformations (23) in such a way that can
be easily rewritten in terms of elements form A;, that is, lifted
to the space of noncommutative coordinates.
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Rewrite w? 2Y0\¢(x) in terms of *-product and x*-

derivatives
w2 Oz = (X5 % ). (26)

Solving (26) perturbatively one finds to all orders in

X* = (wha¥) 0% — %’e%kpa;a;. (27)
Deformed Lorentz transformation of a scalar field is
0w = —X5*¢
= (") % (B30) + 5077W(33050).  (28)
Algebra of deformed transformations is undeformed

5080) = S (29)

However, demanding

Ow ((/51 * (/52) < —wAV£I3V3A <(/51 * (/52> ; (30)

we get the deformed Leibniz rule

b ($1%62) = (Dudr) * G+ 61 % (u2) (31)

[/

_5900<(58pwg/)1)(8;q/)2) — (a;¢1)(580w¢2)>

where dg, 01 = —w’\p(ﬁ,\qbl).
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The abstract algebra

A

Ow = —WAVQA?V@A)\ + %GPGWAP(%@G (32)

consistent with (2) relations

A

5., ([5:“,5:”] - wW) - ([5:“,:?;”] - z’@“”) 5

+ <[:i;o‘,£”] _ iﬁo‘”)w"a _ ([:f;o‘,:f;“] _ 7300‘“>w”a. (33)

Transformations close (undeformed) algebra
[0+ 0L,) = O w1 (34)
comultiplication is deformed

Ad, = 0, ®14+1®46,
i . . . .
+507 (mpaA ®d, +8,® wﬁ,ak) . (35)
Result was also found by Chaichian et al., hep-th/0408069
and by Koch et al., hep-th/0409012.

From (35) one sees that deformed Lorentz transformations
do not close bialgebra themselves but derivatives have to be
included as well.
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Transformation law of a derivative
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Fields
Scalar field

Sud = —(Xu %) (37)
= —(W\2") * (02) + 50°7w,0,000

Covariant vector field

5V,

(X5 * V) — (X[ ) % V) (38)

A
= —(wh ) * (O\V,) + §9paw)‘p(808>\VM) - w)‘MVA.
Contravariant vector field

0L VI = —(XZx V) + (X[, M)*VA) (39)

= —(WAVQZV) % (3)\‘/“’) + §9paw>\p(808>\vu) 4 wu)\VA.

Tensor fields analogously. . .

Ou(p1 % ¢2) = —(Xux (¢1 % ¢2)),
5w(vu*¢) _<Xw*(vu*§b)> _< (W) (VA*¢))

because of (31).
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Application
or an example of the action that is invariant under the
deformed Lorentz transformations

Lagrangian for ¢ theory

| I N m?
L= S(050) % (09) = S-bx 6~ Apxdxg  (40)
transforms covariantly because of (31)

6L = —(XEx L) = —w,z"(0rL). (41)

One also needs an integral with the cyclic property

/ d*z iy * gy = / d*z o x py = / d*z 1o (42)
The action
S = / d*z L (43)
= / dlr ((00) * (0°9) - m;as*qb ~ A x b ¢)

is invariant under deformed Lorentz transformations.
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Variational principle

) 4 L 0 4
59(@) /d rfxgxh = 59(@) /d rg(hxf)
= hxf (44)
gives the equation of motion
(0*8% ) + m*p + 3N * ¢ = 0. (45)

Expanding the action (x-products) and then varying with
the respect to the field ¢ gives the same result.

Conservation law (Nother's theorem) not clear at the
moment; energy-momentum tensor exists, it is conserved but
not symmetric; work in progress.
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Summary and outlook

e it is possible to construct deformed Lorentz symmetry for
the O-deformed space using the method of inverting the
*-product;
deformed symmetry is deformation of classical Lorentz
symmetry;
algebra is undeformed, but comultiplication (Leibniz rules)
changes

e tensor calculus established

e construction of invariant actions, analysis of conserved
quantities in progress

e using the same method one deforms the classical
diffeomorphism algebra and on that basis constructs a
deformed theory of gravity, talk of Frank Meyer
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